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Abstract 
In this research, an analytical solution of the dynamic excitation of elastic system depending on parametric changes in the 
stiffness of teeth during engagement is presented. It is shown that the main source of excitation in a differential gear is the central 
internal gear, and the intensity of the excitation depends on the manufacturing accuracy of the tooth profile. With increase of the 
flank size on the addendum of the sun gear more than a particular value, vibration levels in the gear increases. Introduction of 
optimal value of pitch variation in gear wheel reduces vibration to minimum. 
© 2014 The Authors. Published by Elsevier Ltd. 
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1. Introduction  
Fatigue fracture of specific elements of compressor rotor occurred during the development of aviation engines 
with differential reducers: rotor blade strip at the third stage; internal crack of compressor discs of several stages; 
fracture of disc rims. It was experimentally determined that the reasons for the fatigue fracture of blades and crack of 
compressor discs were resonance vibrations within operating revolutions with significantly high levels of stress 
fluctuations, and the source of intense vibrations was revealed to be the dynamics of the inner center pinion of the 
reducer which meshes with 3 satellite gears. Based on the results of experimental researches [1, 2], it was proposed 
that the intensity of excitations could be lowered by optimizing the flanking of teeth.  Analysis of the influence of 
the tooth profile modification on gear vibration is presented in works [3, 4]. A series of researches in our country [5 -
7] and abroad [8, 9] have been committed to the analysis of the mechanism of excitation and elimination of fatigue 
fracture of gear wheels. These articles [10-14] study the influence of non-linear processes on the dynamics of gears. 
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2. Problem statement and assumptions  
An analytical research is carried out with the aim of finding the causes of vibration excitations of gear wheels and 
the influence the accuracy of teeth profile fabrication (flanking and multi-pitching) on the level of vibration. 
The main source of vibration excitations of gear wheels is tooth changeover during the process of meshing, i.e. 
the periodic entrance to the zone of meshing and exit from it of either a pair of teeth or two pairs of teeth [15 -17], or 
periodic changes in support rigidity [18]. As a result of these periodic fluctuations, the stiffness of the mesh changes 
which affects the elastic system of the entire engine together with other gears which are in the elastic system leading 
to their excitation [19-22]. 
A scheme of an elastic model of a pair of teeth is shown in Fig. 1 for the assessment of the characteristics of 
excitation during teeth changeover. A series of considerations have been made in this model. The mesh is 
represented as abstract elastic spring whose elasticity constant C changes during rotation of the gear wheels. 
Moreover, the moments of inertia J of the masses of the gear wheels are reduced to concentrated masses 
2
0111 rJm   and 20222 rJm   on the radius of their respective rolling circles. During a given constant duty, the 
gear wheels rotate at a constant angular velocity and vibrations occur just as a result of periodic fluctuation mesh 
stiffness; then torsional vibrations of the gear wheels relative to their steady rotation can be presented in the form 
amplitude vibrations of the reduced masses along the lines of engagement y1 and y2. The equations of motion of the 
pinion and wheel will respectively be as follows: 
1211 yCyCym    ; 1222 yCyCym        (1) 
Since we are interested in the relative motion of the gear wheels, 
we can convert two differential equations (1) into one by 
introducing a relative coordinate 21 yyy  . We obtain a 
homogeneous differential equation for describing the parametric 
vibrations 
0)/(   ymCy .    (2) 
Let’s make an assumption that teeth are not inert, and that their 
masses are included in the mass of the gear wheels. The normal 
force F acting on the mass of the driving wheel along the line of 
engagement during meshing is considered as constant and enough 
that the teeth touch one another on the operating side.  We also 
consider there is no backlash in the meshes. And finally, we don’t 
consider differentiation in an elastic medium in order to simplify 
the solution of the problem.  
If the elastic system is found in the state single-pair mesh, then 
the spring is compressed by a value of 11 СFy  , where 1C  - the 
stiffness of contacting teeth in the zone of single-pair mesh. In the 
zone of double-pair mesh, the static deformation of the teeth is 
22 CFy  , where 2C -  stiffness of contacting teeth in the zone of double-pair mesh. Consider that the stiffness of 
the teeth changes in a stick-slip nature during transition from single-pair mesh to double-pair mesh. The shift 
difference 21 CFCFy  '  is the initial condition of free vibrations in the zone of double-pair mesh with a 
natural torsion frequency of 222 mСp  . Let’s call this shift parametric. Similarly, during the stick-slip change 
of the stiffness from the double-pair mesh zone to the single-pair mesh, a change of this same value occurs but 
towards the increase of the mass of the wheel alone the line of action of force F . Hence the elastic systems vibrate 
on their natural frequencies in the respective zones of single-pair mesh and double-pair mesh during forced jump of 
teeth stiffness. The amplitude of the forced vibrations is proportional to the force and the stiffness difference of 
single-pair mesh and double-pair mesh of teeth. 
Fig. 1. Scheme of elastic gear mesh without 
consideration of support flexibility 
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3. Method of solution and discussion of results  
Let’s find an analytical solution equation (2) for the case of steady periodic vibrations of the gear wheels during 
stepwise changes of the stiffness of the mesh. Motion in the zone of single-pair mesh, with differentiation 
considered, occurs according to harmonic law 
)sin()cos( 1010 tptpyy  Q ,  (3) 
here 100 / pQQ  , where 0Q - speed; 111 mCp   - natural frequency of vibrations of single-pair mesh. 
At the end of single-pair mesh during 1tt   we have the following expressions: 
)sin()cos( 1101101 tptpyy  Q ; )cos()sin( 1101101'11 tpvtpypyv   , 
where 1t - the moment of exit from single-pair mesh, у1 – tooth shift, and  1v - velocity at time 1t . 
The transition to a double-pair mesh zone has a jump in stiffness, and hence the equations of free oscillations 
with natural frequency of vibration of a double-pair mesh 2p  under excitation from stiffness change are as follows:  > @)}(cos{1)](sin[)](cos[ 12121121 ttpttpttpyy y ' Q ; (4) 
,)](sin[)](cos[)](sin[ 1221211221
/ ttppttpvttppyy y '  
where 111 / pQQ  .  
During the steady periodic vibrations, it is necessary that after each mesh period of a pair of teeth  ЗTt  , the 
velocity and the shift should return to their initial states at the beginning of mesh sequence 0yy  , 0/ vy  . In 
order to determine the initial parameters of the periodic motion when the shifts and velocities are equal, let’s find the 
initial shift and velocity in the zone of single-pair mesh from equation (4) as follows:  
bcda
detpby y 
' )sin( 220 ;  (5) 
cbda
ebtpctpd
pv y 
' )]sin()sin([ 222210 , 
where ЗTt  )2(1 H  - time if single-pair mesh; ЗTt  )1(2 H - time of double-pair mesh; H - overlap ratio in the 
mesh; ЗT - time mesh of a single pair of teeth; 
);sin()sin()()cos(1 22112211 tptpptpсоstpa   
);sin()cos()cos()sin( 22112211 tptpptptpb  );cos()sin()sin()cos( 22112211 tptpptptpc  
)cos()cos()sin()sin( 22112211
1 tptpptptppd   ;   ).cos(1 22 tpe   
With known initial parameters 0y  and 0v , motion of the elastic system can be easily solved from equations (3) 
and (5) and hence the amplitude of vibration and dynamic forces in the mesh can be found under the given operating 
state of the engine.  
The periods of natural oscillations of the elastic system are respectively 11 /2 pT S  in the zone of single-pair mesh 
and 22 /2 pT S  in the zone of double-pair mesh. The ratio of the natural frequencies in the zones of double-pair mesh and 
single-pair mesh will be 122112 / CCTTppp    . Hence the variables of the trigonometric functions will be 
111 )2(2 tTtp З  HS  and .)1(2)1(2 13222 TTptTtp З    HSHS   
Given the non-dimensional ratio of the full period of mesh ЗT   to the period of natural oscillations in the zone of 
single-pair mesh kTTЗ  1  which vary from 0 to 1, we obtain the following values in radians > @)2()(2)( 12 HS   ЗTtpkttp ;  ЗTtktp   S21 . 
If we consider the specific stiffness per unit length of contact of a pair of teeth at the pitch point of a mesh of 
steel gear wheels as с0 =1,8∙1011 N/m2, and at the beginning of the mesh ск =1.25∙1011 N/m2, then taking into account 
the stepwise change of stiffness of teeth pairs, we will have the specific stiffness of a single-pair mesh to be 
с1=с0=1.8∙1011 N/m2 and the specific stiffness of a double-pair mesh to с2 = с0 + ск =3.05∙1011  N/m2.  
In this case the ratio of natural frequencies in the zones of double-pair mesh to single-pair mesh is 3,112   ррp .  
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From the analysis of equations (3) … (5) which describe regular steady vibrations of the elastic system during 
parametric excitation, we can assert the following:  
Firstly, during parametric excitations, the elastic system vibrates in the zone of single-pair mesh with natural 
frequency 1p  and in the zone of double-pair mesh with a high natural frequency 2p . 
Secondly, the parametric excitation is proportional to the load F  transmitted by the teeth pair and hence the 
intensity of vibrations will be different at different operating states. 
Thirdly, the parametric excitations can be eliminated by through multi-pitch – increase of the main pitch  t'  of one 
gear wheel in the zone of double-pair mesh by a value equal to the value of the elastic parametric shift during teeth 
change over  yt ' ' . If the value of the multi-pitching t'  is not equal to the elastic shift during teeth 
changeover y' , then )( ty ''  should be put in equation (4) instead of y' . In spite of the fact that the parametric 
excitation decreases when multi-pitch is introduced, stiffness difference in zones of single-pair mesh and double-pair 
mesh still exists which can practically lead to vibrations of the elastic system (caused by pitch errors, run out accuracy, 
etc.). 
Multi-pitching in the zone of double-pair meshing of one 
gear wheel can be replaced by flanking in zones of double-
pair meshing of both wheels in contact as shown in Fig. 2. If 
the inertia of teeth masses is not considered, then the effect of 
both types of profile correction of the teeth (flanking and 
multi-pitching) on the dynamics of the elastic system can be 
considered as the same. We consider that the introduction of 
multi-pitching in the zone of double-pair meshing of one of 
the gear wheels in more effective than flanking on both 
wheels. This is even more effective for differential gear 
systems where is it better to do multi-pitching in the zone of 
double-pair meshing of only the teeth of the central wheel 
than to do flanking on the teeth of both the satellites and the central pinion gear. Let's consider the following parameters 
for calculation of the parametric dynamics of the gearbox in the mode of steady motion in the mesh of the central wheel with 
the three satellites wheels: b = 85. 8 mm - total working length of teeth; H =1.3 - overlap coefficient.  
The total stiffness of the central wheel with the satellites during stepwise change of the stiffness in the zone of 
single-pair mesh is   cabcC 11  9103.46  N/m, and in the zone of double-pair meshing 
  cabcC 22  91051.78  N/m.  
The amount of parametric shifting of the central wheel in mesh with the three satellites under a normal force in 
one mesh of 60 F kN will be       ' 1212 / CCCCaF cy 15.9 μm. 
Hence, under this load and multi-pitching in the zone of double-pair meshing of teeth of the central gear with the 
satellites,  9.15 ' ' yty  μm of parametric excitation will not occur in the gear box. 
By finite element method in the software ANSYS, we determined the specific stiffness in meshes of standard 
steel gear wheels.  
The following results were obtained (without consideration of the flexibility of wheel the body of the wheels):  
c0 =2.13∙1011 N/m2 – in the pitch point of the mesh and cк =1.41∙1011 N/m2 – at the beginning of the line of 
engagement. Considering the abrupt nature of the change of stiffness of a pair of teeth, we obtain a specific stiffness 
of a single-pair mesh of c1 = c0 =2.13·1011 N/m2, and for a double-pair mesh c2=c0+cк =3.55·1011 N/m2. Hence, the 
total stiffness of teeth of gearbox in the zone of single-pair meshing   cabcC 11 5.49·1011 N/m2, and in the zone of 
double-pair meshing   cabcC 22 1.43·1012 N/m2. The amount of parametric excitation of the entire central wheel in 
mesh with three satellite wheels under a normal force of 60 F kN in one mesh will be  ' y  17.3 μm. Hence, 
during multi-pitching in the zone of double-pair meshing of the central wheel with the satellites,   ' ' yt 17.3 
μm  of parametric excitation will not occur in the gearbox. The results of calculations for teeth without flanking are 
Fig. 2. Scheme of replacement of flanking with multi-pitching 
flanks
Δy 
 Δt= Δy 
multi- pitch 
196   Mikhail I. Kurushin et al. /  Procedia Engineering  106 ( 2015 )  192 – 201 
shown respectively in Fig. 3 and 4.  
Analysis of the graphs on Fig. 3 and 4  show that a parametric excitation due to changes in stiffness of teeth at 
modes of steady motion vibration of the elastic system occurs with natural frequency in each zone of meshing.  The 
resonance frequencies are multiples of the natural frequencies of the elastic system. The highest resonance rotations 
correspond to natural frequency of the elastic system at excitation frequency that is two times more than the natural 
frequency (which is characteristic to parametric instability). When we creates the various step in the two-pair 
engagement zone of one of the paired wheels, which is equivalent to flank of the same amount of conjugate, the both 
wheels in the area of single-pair engagement are equal to the elastic displacement at the intermitting teeth 
yty
' ' , the vibration of the elastic system is almost completely disappear. With increasing values of various 
steps (flanks) the vibration of an elastic system is start to increase again almost proportional to the displacement y'  
at intermitting teeth. The degree of overlap in the tooth engagement H  is also effects on the level of vibration of the 
elastic system. Thus with increasing of the overlap from 1.3 to 1.5 the vibration intensity of the elastic system is 
decreasing. You can use the “passage to the limit” to find the solutions. At a low degree of overlap during the time 
of two-pair engagement is small if compared with the period of the engagement and the engagement of two-pair can 
be considered as the impulse excitation. The elastic system in this case will vary with the frequency of single-pair 
links. For motion in the single-pair engagement zone the formula (4) can be written as follows 
)sin( 11 M tpAy , )cos( 111 M c tppAy .                   (6) 
At the end of engagement period 3T  before the impulse application, according to the equation (6) 
)(sin 1311 M TpAy , )( 13111 M TpсоspAv .    (7) 
After the impulse, the displacement retains its value, and the speed is instantly incremented v' . The increase in 
velocity can be defined as follows. At the time of the abrupt change the engagement stiffness with zero initial 
conditions, the motion of the system will be 
)]cos(1[ 2 tpy y ' ;          (8) 
)sin( 22 tppy y ' c . 
At the end of the impulse 2t  multiplication 22 tp   tends to zero, 0 y , and incremental velocity 
3
2
22
2
2 )1( Tptpv yy ' ' ' H . 
Then after the impulse   
),sin( 1312 M TpAy  32213112 )1()cos( TpTppAv y '  HM .   (9) 
Due to the periodic nature of the motion of gears at steady state, we have 02 yy   and 02 vv  .  
Then we obtain the following system of equations, according to the equations (7-9): > @ ;0)sin()sin( 1131   MMTpA  > @ .)1()cos()cos( 321131 TppTpA y '  HMM  (10) 
If the amplitude A is not equal to zero, then it follows from the first equation (10) > @ 0)sin()sin( 1131   MMTp  
After transformations, we find 
)cos()sin( 11 JM  ; )sin()cos( 11 JM  , 
where  2/311 Tp  J  
Formula in the second equation of system (10) takes the following form: > @ )sin(2)cos()cos( 11131 JMM  Tp . 
From the second equation of the system (10) for the amplitude of vibration we find 
  )sin(/1 112 JJH ' pA y .       (11) 
The displacement and speed in the early period of wheels teeth engagement will be, according to (11) 
)(/)1()sin( 11
2
10 JJHM ctgpAy y '  ;            (12) 
1
2
0 )1( JH ' pv y . 
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Fig. 3.  Results of analytical solution of the dynamics of gear wheels without flanking with overlap coefficient ε:  
а - 1.3; b -  1.3; c – 1.5 
b 
с 
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Fig. 4. The results of the analytical solution of the pair of wheels dynamics with overlap ratio ε = 1.3 and flanking Δy:  
a – 1 micron; b - 16 microns; c - 70 microns 
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Then the equation of motion finally takes form 
)]5.0(cos[)sin(
)1(
311
1
2
Ttp
p
y y 
' J
JH
 (13) 
As can be seen from the amplitude of vibration formula (13), it tends to infinity with k SJ1 where  ....3,2,1k  
are integers. Resonance occurs when the frequency of engagements is an exact multiple to the frequency of natural 
oscillations of the system. 
Thus, in this case of an elastic one-mass system, resonance can occur, firstly, only when the gear speed is less 
than its own angular frequency of the system torsion vibrations and, secondly, when it is a multiple to the number of 
gear teeth. For all other engagement frequency ratios and natural frequencies, the amplitude is finite and determined 
by the expression (13). There are no typical parametric resonances with double forced frequency, when we consider 
the steady harmonic oscillations of an elastic one-mass system. At the infinite frequency excitation the amplitude of 
vibration tends not to zero but to a finite limit 
)1(2 ' HpA yпр  or  2121 )()1( CCCFAпр  H , 
which depends on the gearing, also from the difference in stiffness zones of two-pair and single-pair links and from 
the overlap degree. In gas turbines the excitation frequencies can be much more than the natural frequencies of the 
elastic system elements. Therefore, we consider this case in detail in order to determine the dynamics of gear 
meshes. 
With higher rotation speed for general solution of the motion of elastic systems we can take 1)cos(   tp  and 
tptp   )sin( , then to determine the initial parameters of motion the coefficients will take the following form:   
21
2
1 ttpa  , 31 Tpb  , 2121222 )( ptptpc  , 2121 ttppd  , 0 e . 
The values of the initial displacement and velocity, respectively, will take the form, according to (12): 
12
2
2
2
0 ttp
tp
y y 
' ;  00  v .         (14) 
 For solid wheels we can take 6.0/)( 21221   CCpp , then for the initial displacement, according to (14), we 
can take the following formula 
)2(6.0)1(
)1(
12
2
0 HH
H

' 
' yy
p
p
y . 
Taking into account the value of y'  for dynamic force at the pitch, which is accepted as estimated value in 
determining of the gears durability on the contact fatigue (in teeth chip), we obtain 
)]2(6.01[
)1)((
2
12
H
H

 '
C
CCFF .       (15) 
Then the total force in the single-pair engagement zone will be, according to the equation (15)  
FkFFFF  
 ' 11 )2(6.0)1(
)]2(6.0)1(55.0[
HH
HH       (16) 
It can be seen, firstly, that the force 1F  is proportional to the transmitted nominal load F , and, secondly, 
significantly depends on the overlap factor H . Dependence )(11 Hfk  in a formula (16) is shown in Fig. 5а. The 
Load in the single-pair engagement zone at high speeds decreases and with large values of the overlap tends to 0.56 
of the nominal load value. This is completely contrary to the existing rules and procedures under which the dynamic 
factor can be significantly greater than one. 
It can be seen, for example, that with the overlap ratio 3.1 H  as in the tested product, the design load with the 
parametric dynamics is approximately 0.75 of the nominal value F . Similarly, we can find the dynamic additives 
and complete force in the two-pair engagement zone for one pair of teeth  
)2(6.01[
)2()(3.0
1
12
2 H
H

 '
C
CCFF .       (17) 
In this case, the total force will have the form, according to the equation (17) 
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FkFF  
 22 )2(6.0)1(
)]2(5.05.0[
HH
H .       (18) 
Dependence )(22 Hfk   in a formula (18) is shown at Fig. 5b. The graphs show that the overlap ratio 1 H is the 
maximum design load, for example, when calculating the teeth seizure at the beginning or end of the link is equal to 
FF  84.02 , and at the ceiling is  2 H  - FF  5.02 . 
When the gears rotation speed is getting higher (than resonance turnovers) in the two-pair zone, the teeth is 
overloaded compared with the static load balancing, and in the single-pair zone engagement, teeth are discharged.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
This, of course, should be taken into account during the calculation of the teeth as on breaking fatigue and 
durability for chipping and galling. Thus, the degree of overlap H  is one of the most important factors in 
determining of the magnitude of the total engagement force. On supercritical speed, the greater the degree of 
overlap, the lesser the total force in the single-pair and two-pair engagement zones. 
4. Conclusion  
The analytical solution of the parametric excitation problem of elastic systems with toothed wheels shows that a 
single parametric excitation of the entire elastic system oscillates with all the natural frequencies and forms. The 
excitation intensity is proportional to the difference in stiffness in the areas of the two-pair and single-pair 
engagements, as well as to the forces in the meshing of the gears. For the periodic change of stiffness, the elastic 
system also vibrates with all natural frequencies and forms proportional to the difference in the stiffness of the two 
areas of the two-pair and single-pair engagement with the load. 
Providing the various gear pitch on one of the gears that is equal to the nominal value of the parametric bias of 
the teeth, the vibration in the system will not occur due to the difference in rigidity meshing of the teeth. To exclude 
the vibration in the elastic system the various gear pitch on one of the gears may be replaced in the field of two-pair 
flank meshing of the same magnitude. 
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Fig. 5. The dynamics coefficients at supercritical speeds of gears: a - in the single-
pair engagement zone; b - in the two-pair engagement zone 
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